tional Institute of Arthritis, Metabolism, and Digestive Diseases, Bethesda, Maryland 20014). Recurrent outbreaks of measles, chickenpox and mumps. II. Systematic differences in contact rates and stochastic effects. Am J Epidemiol 98: [469][470][471][472][473][474][475][476][477][478][479][480][481][482] 1973.-The mean monthly contact rates for measles, chickenpox and mumps estimated from the monthly reported cases show systematic differences between the years with many cases and the years with few cases. In New York City, the mean contact rates for chickenpox were different during the years 1931-1945 than during 1946-1960. The clustering of cases within social groups is proposed to account for these differences in the contact rates and for other empirical observations. The irregularity of outbreaks of measles in cities of fewer than two million people can be explained by stochastic effects. Outbreaks of measles in distant large metropolitan areas are highly correlated in time, but the reasons for the correlation are not clear.
INTRODUCTION that occur in the mean monthly contact
In the previous paper (1) mean monthly rafces between the y ears with man ? c * ses vs " contact rates were estimated from reported the >' ears wlth fewer cases ' and for chlcken " monthly cases of measles, chickenpox and P ox between the earl y and later y ears of mumps and were shown to be substantially sfcudy ' In the section on "Nonhomogeneous higher in the autumn and winter months. In Populations it is shown that subpopulathis paper we discuss systematic differences tl0ns with different degrees of sociability or susceptibility or the grouping of children in research was partially supported under grades in school do not appear to account National Science Foundation Grant GP-31386X1. for the systematic differences in the contact 'Institute for Fluid Dynamics and Applied ra t es . The clustering of cases within social Mathematics, University of Maryland, College Mean monthly contact rates from the high and low years. The solid line is the contact rate from the high years, the dashed line is the rate from the low years. For each disease the contact rates are normalised by the average of the 12 mean monthly contact rates from all years (figure 2 in reference 1). The bars show one standard error on either side of the mean. Because of delays due to the incubation period and in reporting, the notifications from one month correspond to the contact rate of the previous month. Further details are given in the legend to figure 2 in reference 1. The range of the annual number of reported cases are: measles in New York City, high years: 21,000-42,000; low years: 1,500-13,000; measles in Baltimore, high years: 4,900-19,000, low years: 86-3,800; mumps in New York City, high of measles in cities of fewer than two million people. Data are presented that show that outbreaks of measles in distant large metropolitan areas are correlated in time. The reported monthly cases of measles, chickenpox and mumps in New York City and measles in Baltimore from 1928 to 1972 are presented in Appendix 1.
SYSTEMATIC DIFFERENCES IN THE MEAN MONTHLY CONTACT RATES
The technique of estimating mean monthly contact rates from 30 or 35 years of data of the reported monthly cases of each disease is discussed in the previous paper (1) . As before, the disease year is defined as the 12 months from September 1 through August 31. A high year is a disease year in which many cases were reported; a low year is a disease year in which relatively few cases were reported. The number of reported cases that distinguish high years from low years is given in the legend to figure 1. A contact or exposure is defined as a successful transmission of the infection.
Systematic differences between the high and low years. The monthly contact rates for measles, chickenpox and mumps show systematic differences between the years with many cases vs. the years with fewer cases (figure 1). During the months November, December and January in New York City the contact rate for measles for the high years is systematically and significantly higher (p < .05) than the contact rate for the low years. (The levels of statistical significance correspond to the month or months with the maximum t value. Since the average contact rates from successive months show strong positive dependence, there is partial justification for the use of the maximum t.) The same is true for the contact rate for Baltimore in October, November and December. In New York City during these months the maximum differences between the two mean monthly contact rates is 6 per cent, in Baltimore, 10 per cent. In March, April and May in New York City (in Baltimore, February through May) the monthly contact rate from the high years is systematically and significantly lower (p < .005) than the monthly contact rates from the low years. The maximum difference between the two monthly contact rates is 11 per cent in New York City, in Baltimore, 16 per cent. In New York City the monthly contact rate for measles from the low years is essentially constant from October to April. For mumps the monthly contact rates from the 17 high years are 6-8 per cent higher during October and November (p < .001) and 4-5 per cent lower in April and May (p < .025) than the contact rates from the 13 low years. For chickenpox (not shown) the monthly contact rates from the 14 high years are about 5 per cent higher in September and October (p < .01) and about 4 per cent lower in May and June (p < .05) than the mean monthly contact rates from the 16 low years.
The enhanced contact rate in the early phase of the outbreak in the high years and the diminished contact rate in the late phase of the outbreak in the high years are similar to the findings of Abbey (2), who, using the Reed-Frost model, studied single outbreaks in populations fewer than 1000 people in schools or institutions. The fit of those data to that model was improved by assuming (contrary to fact) that initially the total population was susceptible and that at the end of the outbreak no susceptibles remained. In our studies, increasing the number of susceptibles in the calculation of the monthly contact rates did not remove the difference between the high and low years, and decreasing the number of susceptibles (to enhance depletion of susceptibles) raised the contact rates in June, July and August but not significantly during March, April and May. Likewise, if the incubation period of measles was decreased from 12-13 days to 8-10 days (to allow the outbreak to spread and die out more rapidly) the systematic differences in the autumn months were decreased but not eliminated and the systematic differences in the spring remained. Contact rates calculated with an incubation period longer than 12-13 days, or with a distribution of incubation periods (see reference 1), or with the models of ordinary differential equations that assume an incubation period (see appendix of reference 1) show the same systematic differences as the curves in figure 1 . The systematic differences in the contact rates between the high and low years might be an anomaly of the estimation procedure; calculation of contact rates using monthly totals generated by the stochastic version of the model (see the section on "Stochastic effects") suggests, however, that the systematic differences are not artifactual. Finally, it is unlikely that systematic differences in the fraction of cases reported during the course of the outbreaks can account for the systematic differences in the contact rates.
Modified exposure rates. The systematic differences in the measles contact rate between the high and low years (figure 1) were nearly eliminated by arbitrarily modifying the exposure rate formula (equation 1 in reference 1) to be p(t)S(t) I(t) 
, where c and S o are constants chosen to minimize the systematic differences. The maximum modification of the exposure rate is 10 per cent. In the autumn months before the peak of the outbreak S(t) exceeds S o and the positive modification lowers the contact rate in the high years. After the peak of the outbreak in the spring months S o exceeds S{t) and the negative modification raises the contact rate in the high year. The parameter c can be chosen so that the number of infectives in the low years is too small for the modification to be significant. A simpler modified exposure rate, p(t)S{t)I{t)
(1 -cl(t)), nearly eliminates the systematic differences in the spring months but the differences in the autumn months are slightly increased. Although these modifications are effective in eliminating the systematic differences in the mean monthly contact rates we are not able to interpret the modifications on biologic or physical grounds.
Systematic differences between the early and later years. The monthly contact rates for chickenpox in New York City show systematic differences between the 15 early years (1931) (1932) (1933) (1934) (1935) (1936) (1937) (1938) (1939) (1940) (1941) (1942) (1943) (1944) (1945) ) and the 15 later years (1946-1960) (figure 2). In the early years the mean monthly contact rate rises to a higher peak in October and then falls below the contact rate from the later years in months November through February. The maximum difference between the two curves is about 15 per cent. (From August through January all differences are statistically significant (p < .025).) Similar differences between the early and the later years are seen in the mean monthly contact rates calculated for the three largest boroughs: the contact rates from Manhattan show the largest differences, those from Bronx, the smallest differences. (Data from Queens and Richmond, the boroughs with the least number of reported cases, were not analyzed.) The mean monthly contact rates for measles (both in New York City and Baltimore) and for mumps do not show the systematic differences between the early and late years of study.
NONHOMOGENEOUS POPULATIONS
The delay equation model of the previous paper (1) that is based on random mixing of susceptibles and infectives in a single homogeneous population yields satisfactory curves of mean monthly contact rates and satisfactory simulations of the recurrent outbreaks. The systematic differences in the contact rates between the high and the low years (figure 1), differences of at most 16 per cent, suggest, however, that the simple model is not adequate. We now consider possibly more realistic models that include subpopulations, or the grouping of children in school, or the clustering of cases within social groups.
Subpopulations. One possible explanation for the systematic differences in the mean monthly contacts between the high and low years is based on subgroups or subpopulations with different susceptibility to the disease or different social characteristics. We assume one group of children who are more social or more susceptible than average (group I) and another group of the remaining children who are less social or less susceptible than average (group II). Based on these two groups a single contact rate for the total population was calculated for each month by increasing the number of equations in the model and specifying time independent intragroup and intergroup coefficients that modeled increased or decreased susceptibility or sociability. At the beginning of each disease year susceptibles were added to each group. As expected, early in a high year the majority of exposures were observed in group I and late in a high year most exposures occurred in group II, but the systematic differences in the mean monthly contacts were not eliminated: the differences in the autumn months were reduced only slightly and differences in the spring months remained.
The grouping of children into grades in a school was also modeled by having eight or 10 subpopulations. At the end of each disease year, the susceptibles were "promoted" into the next higher grade; those in the highest grade were eliminated, and new susceptibles were introduced into the lowest grade. Various degrees of contact among the grades were tried but regardless of the coupling, the mean monthly contact rates showed the original systematic differences between the high and low years.
We conclude that the systematic differences in the mean monthly contact rates between the high and low years cannot be accounted for by two subpopulations with different degrees of sociability or susceptibility or by the grouping of children in grades in school.
Clustering of cases and the role of the casual acquaintance. The clustering of cases within social groups is another possible explanation for the systematic differences in the contact rates and for other observations. Two individuals are said to be close acquaintances if they belong to the same household, playgroup, classroom, neighborhood or community; two individuals are casual acquaintances if they are not close acquaintances. Over a period of weeks or months cases will cluster nonuniformly in one set of close acquaintances while other virtually identical subgroups will remain relatively free of the disease. Similar notions of clustering are discussed by Elvebacket al. (3) .
A critical factor in determining whether cases will cluster is the ratio F of casual acquaintances to close acquaintances who are contacted by an average infective during his period of infectivity. Individuals contacted more than once are counted only once; F is independent of the ratios of susceptibles to immunes in the group of close acquaintances and in the entire population. The more infectious diseases have larger ratios F, because more casual acquaintances are contacted. Indeed, an increased number of different casual acquaintances are contacted, while multiple contacts of close acquaintances produce little increase in the number infected. Table 1 , which compares the infectivity of measles, chickenpox and mumps in society and in the household, shows that clustering is more important for the less infectious diseases. Here the group of close acquaintances is the household. Both in society and in the household measles is the most contagious and mumps the least contagious of the three diseases. In comparison with measles, chickenpox is about 80 per * Annual exposures divided by average number of susceptibles; calculated from the differential delay equation model 1 as /37Vr where JS is the average of the 12 mean monthly contact rates, T t the period of infectivity, and y the net input of susceptibles. If the contact rate is constant the reciprocal of the ratio of exposures to susceptibles is the mean number of years a susceptible is active in the population before contracting each disease. The calculation of the average number of susceptibles (l/(fiTi) depends on the assumed number of susceptibles at the peak S p , which for chickenpox and mumps is difficult to know. For these diseases the ratios in parentheses are calculated using values of S p one-third larger and onethird smaller than the choice of S p in the previous paper (1) .
t The ratio of exposures to susceptibles for each disease divided by that for measles times 100. t Calculated from age specific attack rates for children aged 9-15 (1935-1936 , 28 urban areas) (4). § The fraction of contacts of susceptibles in an infective's household that lead to transmission of the disease (5).
cent as infectious in the household but only 35 to 65 per cent as infectious in society. Within the household, only close acquaintances are counted and chickenpox appears relatively more contagious; in society, where both close and casual acquaintances arc counted, chickenpox appears relatively less contagious because the disease does not spread readily among casual acquaintances. A similar argument can be made for mumps, which in comparison with measles, is relatively more contagious in the household than in society. A similar pattern should occur for other social groups such as playgroups, classrooms and neighborhoods.
The clustering of cases is consistent with other observations: 1) As shown in figure 3 , the outbreaks of measles spread simultaneously through the four major boroughs in New York City. The peaks of the outbreaks in each borough occur within one month of each other, and the high years for the boroughs coincide. In contrast, the outbreaks of chickenpox and mumps spread less uniformly through the boroughs. The tendency for contacts of measles, the most contagious of the three infections, to be made more often among casual acquaintances outside the cluster of close acquaintances strongly increases the uniformity of the spread of the infection.
2) The clustering of cases is also consistent with the decrease in the contact rate in the spring months of the high years (figure 1). During these months after the disease has spread easily among and eventually depleted the susceptibles in the cluster of close acquaintances, the infectives are isolated among the irnmunes, while virtually identical clusters continue with many susceptibles; the contact rate calculated for the entire population is decreased. In a low year, too few cases occur to produce significant clustering of cases. The decline in the contact rate in the spring months in New York City is about 10 per cent for measles and about 5 per cent for chickenpox and mumps, but the ratio of cases in the average high year vs. the average low year is about 5:1 for measles but less than 2:1 for contact rates in the autumn months of the high years. (We did not find it technically feasible to calculate contact rates with a model that included clustering, and the hypothesis was not tested formally.)
3) The clustering of cases might also explain the shape of the curve of the monthly contact rate for chickenpox and differences in the contact rates between the early and late years (figure 2). We speculate that in the early years (1931) (1932) (1933) (1934) (1935) (1936) (1937) (1938) (1939) (1940) (1941) (1942) (1943) (1944) (1945) ) the sharp rise in the contact rate to a very high peak in October corresponds to the spread of infection within densely populated, closely knit, isolated neighborhoods or community clusters. The precipitous fall from October to December and the low level that is maintained until March or April correspond to the depletion of susceptibles within the cluster and the failure of the infectives to contact susceptibles in other clusters. The failure of the outbreak to spread in spite of adequate numbers of infectives and susceptibles is reflected in the flattened or truncated waves of outbreaks of chickenpox in figure 3 . The individual boroughs in New York City show the same truncated waves and the same decrease in the contact rate from October to December, and so the proposed clustering effect is within each borough. During the later years (1946) (1947) (1948) (1949) (1950) (1951) (1952) (1953) (1954) (1955) (1956) (1957) (1958) (1959) (1960) we speculate that the neighborhood clusters were not so well defined and throughout the course of the outbreak the infection was spread among both close and casual acquaintances. One would not expect the contact rate for measles, the most contagious disease, to manifest these effects of clustering, but it is not clear why the effects are not seen in the contact rate for mumps, which is presumably the least contagious disease.
STOCHASTIC EFFECTS
In this section we consider a version of the delay equation model that includes stochastic effects. As in the previous paper (1) the difference delay equations are
where the fixed time interval or stepsize A equals one day, the nth time interval is t n , E, S, I are the number of exposures, susceptibles and infectives, respectively, 7 is the net input of susceptibles, /? is the contact rate and T 1 and T 2 are the periods of incubation and infectivity, respectively.
If the expected number of exposures is E.(t n )A, where A is the stepsize, the actual number of exposures, E r {t n )A, should be modeled as a random number chosen from a binomial distribution (2) . Since the probability of a susceptible being exposed during a A time period is very small (in the simulations < 10~3 for A < 1) the binomial distribution can be approximated by a Poisson distribution with mean E,(t n )A. In the stochastic calculations (with A = 1) we choose E(t n ) randomly from a uniform distribution (to simplify calculations) with mean /S-/*S' and standard deviation {fi-ISY 12 . That is, let
+3
1/2 ) so that the mean is zero and standard deviation 1. We set
E r (Q = E.(l n ) + RAE c {t n )]Ŵ
e would expect that the stochastic perturbation decreases with the size of the population, and in fact, as shown by Bartlett (6) , the larger the population, the less likely stochastic effects will terminate an outbreak.
To model a population of M million people stochastically we let E* and E r * be the expected and actual exposure rates per million people, respectively. For M million people the total exposure rates are ME,* and ME r *. For R n defined as before ME*{t n ) = ME.*(t n ) + R n [ME,*(Q] 1/2 or E r *(t n ) = E*{t n ) (1) and let R n be a random number from a uniform distribution in the interval ( -3" 2 , If /9(0 has been determined for a population of one million people, we simulate stochastically a population of M millions by equation 1 and
E*{t n ) = 0(t H )I(t n )S(t n ) S(t n+ J = S(t n ) -E*{t n ) + y
Periodicity of outbreaks ami city size. Stochastic perturbations of the type studied here describe the recurrent outbreaks of measles similar to those of Baltimore that occurred at irregular intervals of one, two or three years. Simulations with stochastic effects that correspond to a population of 1.5-3 million, which is the approximate size of the Baltimore metropolitan area, yield outbreaks at irregular intervals. A typical string of 20 high (H) and low (L) years is
Smaller stochastic perturbations, corresponding to a population greater than three million, yield less irregularity and, mainly, biennial outbreaks with an occasional extra high year are observed. Larger perturbations, corresponding to a population smaller than one million, yield more irregularity and after an exceptionally high year in the simulation the disease completely disappears.
In relating the periodicity of recurrent outbreaks of measles to the size of the city, New York City and Baltimore obviously exceed the critical size of 2.50,000 to 300,000 that assures the lack of "fade out" of outbreaks (denned as a one-month gap in the monthly notifications) (7). Bartlett (6) has also described a correlation between the periodicity of measles outbreaks and populations in the range of 1,000 to 500,000. The stochastic perturbations studied here show that mainly biennial outbreaks of measles should occur in metropolitan areas larger than 4 million people; hi metropolitan areas of 2 to 4 million people (such as Baltimore) biennial and triennial outbreaks would be expected.
Assessment of the calculation of mean
monthly contact rates. The stochastic version of the model was used in conjunction with the previously described method of calculation of mean monthly contact rates. A mean monthly contact rate for measles similar to that in figure 2 in the previous paper (1) was used to generate recurrent outbreaks with the stochastic version of the model. Mean monthly contact rates were then calculated from the resulting monthly totals of exposures by the usual technique. The original curve of the monthly contact rates that was used to generate the recurrent outbreaks was recovered in every month and there were no systematic differences between the high and low years. Likewise, a constant monthly contact rate was used to generate recurrent outbreaks, and again the constant contact rate without differences between high and low r years was recovered in every month. These results suggest that stochastic effects of the type studied here are not responsible for the seasonal variation in the contact rates or for the differences in the contact rates and that the systematic differences in the contact rates are not an artifact of the method of estimating contact rates from the data of monthly notifications. delphia, Baltimore and Washington being about 161, 322.0 and 386.40 km, respectively). The coupling of these cities could be due to travel by infectives, the simultaneous migration of susceptibles into or from these cities or common weather conditions, but none of these effects seems strong enough to account for the observed correlations. No pattern of recurrent biennial outbreaks of measles is evident in the statistics for the entire country (9 303   411  390  379  429  426  413  387  334  711  495  444  205  299  372  479  522  438  253  349  523  478  543  424  372  451  272  565  506  369  332  509  442  398  436  286  452  287  296  366  391 
